The individual laminae elastic constants in multilayer laminates composed of dissimilar isotropic layers were determined using ultrasonic-resonance spectroscopy and the linear theory of elasticity. Ultrasonic resonance allows one to measure the free-vibration response spectrum of a traction-free solid under periodic vibration. These frequencies depend on pointwise density, laminate dimensions, layer thickness, and layer elastic constants. Given a material with known mass but unknown constitution, this method allows one to extract the elastic constants and density of the constituent layers. This is accomplished by measuring the frequencies and then minimizing the differences between these and those calculated using the theory of elasticity for layered media to select the constants that best replicate the frequency-response spectrum. This approach is applied to a three-layer, unsymmetric laminate of W p Cu, and very good agreement is found with the elastic constants of the two constituent materials.
I. INTRODUCTION
Determining the elastic constants of materials with unknown constitution is a much-studied problem in science and engineering, and there are numerous methods available for solving it. One method that is particularly robust is ultrasonic-resonance spectroscopy ͑URS͒, in which the freevibration response spectrum of the solid is used in combination with the theoretical values of frequencies for objects with known density, geometry, and elastic constants. [1] [2] [3] [4] [5] [6] Numerous applications of this method, along with descriptions of the experimental system, measurements, and theoretical analysis, are given in Migliori and Sarrao. 6 The theoretical predictions are based on the Ritz method, in which the solution of the weak form of the equations of periodic motion is sought as given in Hamilton's principle, where the displacements are given in a finite series in terms of the spatial coordinates of the specimen geometry. Excellent accuracy can be obtained using this approach.
To date, most applications of URS for the determination of elastic constants have been for homogeneous media. Consistent with these applications, the computational algorithms developed for this purpose have without exception used basis functions for the displacement components that have been continuous with continuous derivatives ͑such as the Legendre polynomials used for parallelepipeds by Demarest 2 and power series as used in the more general method developed by Visscher and colleagues 7 ͒. This is a valid and useful approach for homogeneous media, but special care must be taken when considering dissimilar media. At an interface between two materials that differ in elastic properties, the transverse shear stresses are continuous across the interface but there is a jump in shear modulus. Hence, there is a discontinuity in the through-thickness displacement gradient that cannot be represented using functions with C 1 continuity ͑i.e., functions such as power series, which possess continuous first derivatives over the specimen domain͒.
Recently, we developed a method to account for the through-thickness behavior of laminated elastic and piezoelectric media. 8 This method is based on a discrete-layer approximation to the weak form of the equations of motion, in which we split the through-thickness and in-plane dependence of the approximation functions in the Ritz method. Similar approaches have been used in related problems by Pauley and Dong 9 for wave propagation in laminated piezoelectric media, and a generalized discrete-layer approach for elastic laminates by Reddy. 10 With this model in hand, our present objective is to evaluate the elastic constants and densities of layered parallelepipeds where only the edge dimensions, layer thicknesses, total mass, and free-vibrationresponse spectra are given. To our knowledge, this is the first application of URS to dissimilar composites of this type, and it results in a method where, rather than separating the individual constituents of the composite, we can consider the component as a whole.
II. MATERIAL
Three-layer W p /Cu laminates were fabricated by a powder-metallurgy approach in which powders of specific compositions were mixed, layered, and then densified in a hot press. High-purity ͑99.9͒ 1-5-m-diameter copper powder 11 was mixed with high-purity ͑99.95͒ W powder with an average particle diameter of 1 m.
12 Cu-W powders were made by mixing amounts of pure W and Cu that would lead to a 20 percent composite when fully dense, and milling in a polycarbonate bottle with four to five cleaned alumina balls for 24 h. The laminate was made by pouring first the Cu-W powder, then the pure Cu powder, and finally more Cu-W powder into a 25.4-mm-diameter graphite die. The inner walls of the die were coated with BN to prevent chemical reaction with carbon. After each powder type was poured, a clean steel punch was used for leveling. This resulted in a powder stack consisting of 20%W/0%W/20%W. The stacked powders were then sintered in a hot press under a vacuum of 1.33ϫ10 Ϫ2 Pa, a load of 40 MPa at 985°C for 15 min. Cooling was accomplished with the load still applied at a rate of about 20°C/min, until about 500°C, at which point the rate slowed substantially. A dense trilayer sample consisting of 20%W/0%W/20%W resulted, with layer thicknesses of 1.50 mm/1.88 mm/1.66 mm, respectively.
The composite microstructure and the nature of the interface between layers is apparent in the scanning electron micrograph shown in Fig. 1 . The light and dark contrasts represent the W and Cu, respectively. Consistent with the fact that Cu and W do not react and are mutually insoluble, observations in the scanning electron microscope ͑SEM͒ indicated that the interface between the 20% W and 0% W layers represents a discrete transition between these compositions, without the presence of a discernible interphase. ͑The SEM's resolution limit is approximately 0.1 m͒. The interface plane does exhibit some roughness. Typically, the interface position varies by less than 100 m over 2 mm.
Single-composition composites ͑20% W and pure Cu͒ were produced as described above to measure the elastic properties of the material in the outer layers. The hot-pressed trilayer composites were subsequently cut by diamond saw into specimens of dimensions 7.01ϫ7.84ϫ5.04 mm, with the layers in the third dimension. Single-composition specimens were cut by electrodischarge machining to dimensions 10.0ϫ9.0ϫ8.0 mm, with no layers.
III. THEORY

A. Geometry and boundary conditions
The rectangular parallelepiped described in the previous section is a special case of the general layered block assumed in our theoretical calculations. The parallelepiped is in general composed of an arbitrary number of elastic and isotropic layers. The parallelepiped has dimensions L x , L y , and L z , and the z direction is perpendicular to each dissimilarmaterial interface. Each layer has constitutive equations that can be expressed as 13 i j ϭ␦ i j e kk ϩ2e i j . ͑1͒
Here, and are the Lamé parameters, ␦ i j is the Kronecker delta, i j are the components of stress, and e i j are the components of infinitesimal strain. We also use the alternate form of the constitutive relation
where the C i jkl are the components of the elastic-stiffness tensor, which can be expressed in terms of the two Lamé parameters. The strain-displacement relations are given by
͑3͒
Here, u i represent the displacement components. Hamilton's principle forms the basis for the weak form of the equations of motion
͑4͒
Here, t is time, V and S are the volume and surface occupied by and bounding the solid, T are the specified surface tractions, ␦ is the variational operator, the overdot superscript represents differentiation with respect to time, and U o represents the strain-energy density, given for a linear elastic material as
The weak form of the governing equations, as well as the governing differential equations themselves, can be found by substituting the above relations into Hamilton's principle. Here, we use the usual contracted notation for the elastic stiffnesses C i jkl by compressing the ij and kl indices into a single index ranging from 1 to 6, and maintaining the range of m from 1 to 3. For example, C 1122 becomes C 12 , and so on. In rectangular Cartesian coordinates, we set x 1 ϭx, x 2 ϭy, and x 3 ϭz, with the displacements as u 1 ϭu(x,y,z), u 2 ϭv(x,y,z), and u 3 ϭw(x,y,z). The weak form can be expressed using this nomenclature as 
͑6͒
B. Discrete-layer approximation
In many past studies, approximations to the three displacements are generated in terms of the global (x,y,z) coordinates. In this study, the dependence of the displacements on the z coordinate is separated from the functions in x and y. This allows for global functions in x and y that result in a subsequent reduction of the size of the computational problem. Hence, approximations for the three displacement components are sought in the form
Here, m and n are the respective number of in-plane and through-thickness terms used to approximate each variable. The approximations for each of the three field quantities are constructed in such a way as to separate the dependence in the planar coordinate variables from that in the coordinate variable perpendicular to the interface. The reason for this is that the change in the material properties forces a break in the gradients of the displacements across an interface. This can be seen easily by considering the case of shear stress at a dissimilar-material interface. Since the stress must be continuous across an interface but the shear modulus is different for two layers, the shear strain must be different. This implies that the slope of the displacement variables across the interface must be different, thus eliminating functions such as the commonly used power series 7 or Legendre polynomials. 3 In the thickness direction, one-dimensional Lagrangian interpolation polynomials are used for ⌿ j (z). For the inplane approximations, different types of approximations can be used for the two-dimensional functions ⌿ j (x,y). We use power series for the problem of traction-free vibration. For a parallelepiped with n layers (nϪ1) is the number of subdivisions through the parallelepiped thickness ͑typically taken equal to or greater than the number of layers in the parallelepiped͒, and ⌫ ji is the value of component ⌫ at height j corresponding to the ith in-plane approximation function. 10 Substituting these approximations into the weak form in Eq. ͑6͒, introducing the assumption of periodic motion, collecting the coefficients of the variations of the displacements, and placing the results in matrix form, we obtain the result
The elements of these submatrices are themselves submatrices whose elements are determined by evaluating the preintegrated elastic stiffnesses through the thickness multiplied by the various shape functions or their derivatives as determined by the variational statement. If these submatrices, each of order (nϩ1), are defined by the subscripts ␣ and ␤, the corresponding elements can be expressed in a fairly compact form. These are given in the Appendix. The matrix equations are general and can accommodate approximating functions in (x,y) that are either global and analytic ͑such as Fourier or power series͒ or local and exactly evaluated ͑such as finite-element polynomials͒. The dependence on the z coordinate has been eliminated by preintegrating, which manifests itself in the matrix equations above. Because of the nature of the approximating functions themselves, the derivatives of the displacement are continuous over only a specific sublayer. If the material is homogeneous, this is still an acceptable approximation even for a subdivided layer because the behavior trends toward a continuous derivative as the number of layers increases. For the case of dissimilar media, the functions allow a break in the slope, which matches physical reality much more accurately than does a global approximation.
For a homogeneous isotropic parallelepiped, Ohno 3 showed that the eigenvalue problem in Eq. ͑8͒ can be split into eight smaller problems using symmetry arguments of the displacement-field components and matching these with the appropriate series terms in the approximation functions. These are denoted by the eight groups listed in Table I,   3 where the letters O and E, respectively, denote functions that are odd or even with respect to the appropriate spatial coordinate. For example, power series can be used for each of the displacement functions ͑such as in the powerful algorithm of Visscher and colleagues 7 ͒. Including six terms in the Pascaltriangle visualization of the approximation functions ͑i.e., terms up to x 5 y 5 z 5 ) means a general eigenvalue problem for three unknowns with 6 3 terms in each, or an eigenvalue problem of dimension 648. If symmetry is used, this problem can be split into eight problems of dimension 81, greatly increasing the speed of this computation. This calculation must be completed many times when the elastic constants are being computed, and hence the splitting of the original problem possesses much appeal.
For the layered bimaterial, however, there is no material symmetry about the x -y plane, and hence the splitting operation for this characteristic must be removed. This results not in eight groups, but four, which are the more generalized groups defined in Table I before exploiting symmetry about the x -y plane. We define these four groups and their labeling in Table II .
IV. MEASUREMENTS
We measured three materials: nearly texture-free copper, 0.2W/Cu composite, and a three layer 0.2W/Cu-Cu-0.2W/Cu laminate. Using an optical microscope, we measured layer thicknesses of 0.150-0.188-0.166 cm for the laminate. Mass densities were determined using Archimedes' method with distilled water as a standard. The copper contained a significant volume fraction of voids that lowered the expected mass density by about 8%. The composite specimen contained about 1% voids. For the elastic-constants determination, we used URS as described in the previous section and by Migliori and Sarrao 6 for homogeneous materials. The sending and receiving transducers were poled polycrystalline lead zirconate titanate ͑PZT͒ that hold the specimens by their corners diagonally. One transducer transmits continuous sinusoidal waves to the specimen, and the other transducer detects the specimen's displacement response. 
Their center frequencies were 10 MHz. Their broadband character permits using them far from their resonance frequencies, thus minimizing the piezoelectric-crystal contributions to the systems macroscopic frequencies and damping. Figure 2 shows the frequency-response spectrum for the layered composite. The two separate constituent materials also have a response spectrum, but their individual behavior is used only to compare with the results from our layered model, and hence these are not shown. As discussed above, the resonance frequencies depend on specimen shape, size, mass ͑or mass density͒, elastic stiffnesses, and layer thicknesses. Although not reported, internal frictions can be calculated from the half-power width of associated resonance peaks.
V. RESULTS AND DISCUSSION
The general procedure that forms the foundation of using URS to calculate the elastic constants is to iteratively select the elastic constants that give the best fit to the measured frequencies. This is accomplished by minimizing the differences between the measured and experimental frequencies using the Levenburg-Marquardt algorithm. 13 Details of this procedure are described by Migliori and Sarrao. 6 Two types of models are used to determine the elastic constants of the constituent materials used in this study. The model of most interest is the discrete-layer model described above, which is necessary to represent the through-thickness behavior of the layered material. However, we also use a simpler method to calculate the elastic constants of each of the two constituent materials when these materials appear in a homogeneous block. In this case, global basis functions with C 1 continuity can be used since the displacement gradients are continuous within the deformed ͑vibrating͒ solid. Our weak form and matrix equations now remain the same, but in this case our z-direction approximations retain the form used for the in-plane approximation functions. This methodology is well developed ͑see, for example, Refs. 6 and 5͒ and we will not discuss it here other than to note that we used the same fitting procedure for the experimental frequencies of the homogeneous blocks as we did for the layered material, with a resulting frequency rms error of 0.11 percent for the Cu and 0.08 percent for the W p /Cu composite. We note that for the homogeneous block, only two elastic parameters are fit to the measured frequencies; for the layered block, there are four.
It is usually necessary to use a number of frequencies at least five times larger than the number of unknown constants to be determined. 6 In this application, we use the lowest 29 frequencies in our inversion scheme for the layered material. Although it is not uncommon to have missing modes in a response spectrum, that is not the case here and our theoretical frequencies show a very strong relationship with the experimental frequencies. We iteratively solve the eigenvalue problem given in Eq. ͑8͒ until the differences between the measured and computed frequencies reach a minimum. The initial guess for the elastic constants has no effect on the final values provided they are within a reasonable range ͑5-10 percent͒ of the final elastic constants. This point is discussed in more detail by Migliori and Sarrao. 6 The 29 frequencies used in the minimization procedure can be split into four groups as described above. Each of these frequencies has a corresponding modal displacement pattern of the deformation pattern the specimen undergoes as it oscillates at this frequency. In Figs. 3-6 we show the lowest nonzero modal pattern for each of the four groups. For the type of assumed displacement field we have used in our solution methodology, there are six rigid-body modes ͑three translational and three rotational͒ that result in a displacement with zero strain energy. These each yield a frequency of 0, and are not included in our results other than to note that groups 1 and 3 possess one each of these modes, with groups 2 and 4 possessing two each. In several of these figures   FIG. 3 . Modal shape for the lowest mode in group 2 ͑and lowest overall frequency͒ for layered bimaterial. Physically, this corresponds to shear in the x -y plane. This is the first nonzero frequency in group 2. This modal group has one rigid-body mode with zero frequency.
FIG. 4.
Modal shape for the lowest mode in group 4 for layered bimaterial. This mode corresponds to the breathing mode associated with the flat faces remaining nearly plane but undergoing uniform deformation across each of the six faces. This is the first nonzero frequency in group 4 which, as in group 2, also has a single rigid-body mode.
͑where four divisions have been used for each physical layer of the specimen͒, the modal patterns show the break in the shear strain at a dissimilar material interface, indicating the need for appropriate approximating functions through the thickness.
The final values for the elastic constants of the two constituent materials are given in Table III , and were calculated with a final rms error in frequency of 0.26 percent. In this table, the elastic constants are compared with values calculated using methods described above. Our theoretical model for the layered material assumes that each of the layers is isotropic, and hence we estimate a single C 11 and C 44 for each of the two layers. The good fit to the measured frequencies is further demonstrated in Table IV , where we show the measured frequencies compared with the theoretical frequencies as calculated using the final elastic constants for the two layers. Also shown in this table are the frequencies that would result if the parallelepiped were a homogeneous block of either of the two materials, with block H1 denoting a homogeneous block of 20 percent tungsten and H2 a homogeneous block of pure copper. Lack of significant anisotropy in the elastic constants shown in Table IV reveals nearly texture-free materials, as expected for powder-metallurgy preparation.
Our results for C 11 lie within 0.9% of those of the average equivalent moduli for the Cu and 1.9% of the W p /Cu composite. Our values for C 44 are within 0.6% and 0.05% for the same two materials, respectively. It is quite possible that for a block with such a low aspect ratio, modes involving shear deformation are more dominant, leading to better agreement for the shear moduli than that of C 11 . Other natural sources of error include the precise nature of the dissimilar-layer bond and our treating each of the materials as isotropic in our layered model.
Our ability to extract the elastic constants of individual layers within a laminate could prove to be significant for certain types of materials for which a homogeneous specimen may be difficult to procure. Thin films on substrates or natural multilayered solids could potentially be studied using this approach without having to separate the materials for individual examination. Though not without limitations, we have shown for the first time that ultrasonic-resonance spectroscopy methods can be applied to layered systems with reasonably good results. Applications to more complex systems await future study. The subscript H denotes that a homogeneous specimen was used to calculate the elastic properties, whereas the subscript L denotes calculation using the layered specimen and discrete-layer theoretical model that is the primary focus of this study. The parameters C L , B, G and E, are the longitudinal, bulk, shear, and Young moduli, and and c are the Poisson ratio and void volume fraction, respectively. All constants are in GPa except , , and c. 
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VI. CONCLUSIONS
͑1͒ Discrete-layer models that account for kinks in displacement gradients across a dissimilar-material interface are crucial in obtaining accurate theoretical frequency predictions and subsequent estimates of elastic constants. ͑2͒ Ultrasonic-resonance spectroscopy can be applied to layered isotropic laminates with good accuracy. For a trilayer composite, we found matching of the first 29 frequencies yielding an rms error of 0.26 percent between theoretical and measured frequencies. There were no missing modes. ͑3͒ Layer elastic constants of the two dissimilar materials agree with elastic constants computed using homogeneous specimens within 0.9 percent for the Cu and 1.9 percent for the W p /Cu composite for C 11 , and within 0.6 and 0.05 percent, respectively, for C 44 .
